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EXTREMAL VECTORS AND INVARIANT SUBSPACES

SHAMIM ANSARI AND PER ENFLO

ABSTRACT. For a bounded linear operator on Hilbert space we define a se-
quence of so-called minimal vectors in connection with invariant subspaces
and show that this presents a new approach to invariant subspaces. In par-
ticular, we show that for any compact operator K some weak limit of the
sequence of minimal vectors is noncyclic for all operators commuting with K
and that for any normal operator N, the norm limit of the sequence of minimal
vectors is noncyclic for all operators commuting with N. Thus, we give a new
and more constructive proof of existence of invariant subspaces.

The sequence of minimal vectors does not seem to converge in norm for an
arbitrary bounded linear operator. We will prove that if T belongs to a certain
class C of operators, then the sequence of such vectors converges in norm, and
that if T' belongs to a subclass of C, then the norm limit is cyclic.

INTRODUCTION

In this paper we will study different types of extremal vectors for operators on
Hilbert space and their connection to invariant subspaces. We present a new method
to find invariant subspaces, which we feel is more constructive then the known ones
and which gives hyperinvariant subspaces for all compact and all normal operators
in a unified way. We feel that the method may give invariant subspaces for several
other classes of operators, but so far we have only succeeded in proving this under
extra assumptions.

The second author started this study by considering the best approximate so-
lutions of the equations T™y = x( for the case when T has dense range and xg is
not in the range of T. More precisely, he considered the ¥, of smallest norm such
that ||T™y, — xo|| < e. Using these backward minimal points, T"y,’s, he proved
Theorem 4. The first author introduced forward minimal points v,’s such that
|lvn — zol] < € and || T™vy]| is minimal. This gives even a simpler proof of Theorem
4, and there is a duality between the forward and the backward minimal points as
given in Proposition 2. In this paper we also study geometric properties of v, and
T™y, involving scalar products and limit points. These geometric properties have
a connection to invariant subspaces. We show that (7T"y,) converges in norm for
normal operators. In relation to the norm convergence of the extremal vectors, we
introduce a new class of operators, called operators of class R. This class general-
izes Ci-contractions, and we feel that it is of interest in its own right too. Sections
1-2 are due to the second author, 3-4 are due to the first and the appendix is due
to both.
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1. EXTREMAL VECTORS AND THEIR PROPERTIES

In this paper H will denote a Hilbert space over the field of complex numbers,
X a reflexive strictly convex Banach space over the field of complex numbers. For
any operator T : X — X, r = r(T) will represent the spectral radius of T" and
R(T) the range of T

Backward Minimal Vectors. Let T': H — H be a bounded operator with dense
range. Let zo € H and € > 0 with € < |lzo||. There is a unique vector y, ., such
that ||T"y¢ . — xol] < € and

yn@g
197,20l = 0f {lyll = [T™y — wol| < €}
The points y;, ., are called backward minimal points.

Forward Minimal Vectors. Let T : H — H be an injective bounded operator.
Let 79 € H and € > 0 with € < ||zg||. There is a unique vector vy, , ~such that
|[ve . — xol] < € and

1T 05 | = I LT 0] = [lo = o] < €}

’n,fg

n,xro

The points T"vy, , are called forward minimal points.

When there is no ambiguity, we will drop some of the superscripts and subscripts
from y;, . and vy, , . Some times the vectors 7"y, and v,, will also be referred as
backward, respectively, forward minimal vectors. It is clear that ||T"ys, ., —xoll = €
and ||v, — x| = €.

Theorem 1 (Orthogonality Equations). There exist constants 6. < 0 and 8. <
0 such that

Ye = 0T (Tye — x0),

(ve — o) = 6L T* T
Proof. We will prove only the first equation, since the proof of the second equation
is similar. Note that for any vectors u,w, if Re(u,w) < 0, then the function
r(t) = |Ju + tw]| is decreasing over [0, to] for some tg > 0, whereas if Re(u,w) > 0,
then the function r(t) = ||u + tz| is increasing over [0,00). Thus, if we have
Re(T*(Tye — x0), 2) < 0, then r(t) = |[(Ty. — xo) +tT'z| is decreasing over [0, to] for
some tg. S0, || Tye — zol| > ||(Tye — x0) + tT'z| for all ¢ € [0,%0]. By the definition
of y. it follows that |lye + tz|| > ||ye|| for t € [0, ¢o]. Hence, Re(y., z) > 0. Since z is
arbitrary it follows that for some 6 < 0 we have y. = 6 - T*(Tye — xo)- O

Remark 1. From the orthogonality equations we obtain
Ty = =6, (1 — 6, T"T*™) " T"T* "z,
vp = (I =6, T*"T") "

Let Ay = —6,(I—8,T"T*")"\T"T*" and B, = (I—6,T*"T")~". Then A, and B,
are positive operators. ||A,| < 1and ||B,| =1 for all n. Let fn(z) = =222 . Then

-5,
fn(2) is analytic in a neighborhood of o(T™T*") and o(A,,) = fn(c (T”T*”)) The
maximum point of f(o (T”T*”)) is % It follows that [|[A, || = = 5" ”HIT;“"HIF <

1. Now let g,,(2) = 5 . Then, g, is analytic in a neighborhood of o(T"T*"), and
0(Bp) = gn(o (T"T* ). Slnce 0 € o(T™T™*™), it can be verified that the maximum
point of g, (o(T™T*™)) is 1. Hence, ||B,|| = 1.
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Theorem 2. Let x9 € H and xg # 0. The functions ¢ — y. and ¢ — Tv are
analytic on (0, ||zo]|).

Proof. From the orthogonality equation for y. we have y. = —8.(1 —6.7*T) "1 T*zo.
So, clearly the analyticity of the function € — ¢, implies the analyticity of € — ..
To show that € — §, is analytic we will prove that its inverse function 6. — € is
analytic. (Note that this inverse function is well defined by the uniqueness of y..)
We have

€= |Tye — xo|| = || = 6T — 6. T*T) ' T*xg — 0|,
= | —6T(I—6T*T) T2y — x0]|?.
It follows that 6. — €2 is analytic and injective. Hence, 6, — € is analytic. [

Proposition 1. If |Ty — xo|| < ¢, then |(y,ye)| > |lyel|*.

Proof. Consider the plane spanned by zy and T%.. Assume z = ay.+r, where a < 1
and r L y.. We get Tz = aTy.+Tr. Put Tr = u+v, where u € span{zo, Ty.} and
v L span{xg, Ty.}. We know that u L xog—Ty.. We get ||xo—Tz| > ||xo—aTy.—ul-
We have (zg — Tye, Ty.) > 0. Thus, ||[z0 — Ty > = (vo — Tye,v0 — Ty.) <
(xo — Tye, 1y — aTyc). Since (xo — aTye, 20 — Tye) > € and u L 29 — Ty we get
|lzo — Tz|| > e. |

Theorem 3. A. If T has a dense range, then (T'y. — xo,Ty.) # 0.
B. For any bounded operator T with dense range, if xo & R(T), then

Tye — o Tye
< n , n > N O
1Tye, — @oll” [ Tye, |l

for some sequence () converging to 0.

Proof. A. (Tye — anTye> = (T"(Tye - x0)7y€> = <6e_1y67y6> # 0.

B. Let € > 0. Let 6. be the angle between the vectors Ty, — x¢ and T'y.. Then
there exists ¢ > 0 such that ||xg — (1 + ¢)T'y|| = € - sinf.. Let us see that t < s-¢
for some constant s > 0. We have (1 +t)||Tye|| < ||Tyel| + 2e. So, t||Tye|| < 2¢ and
tgl‘mfﬁ<s-ef0rsomes>0.

Now let €; = e-sinf.. Then, [y || < (14 )|yl < (1 + se)llye|l. For n > 2
let €, = ¢, -sinf, ;. Applying the above argument repeatedly, we get |ye || <
(1+seo)(14€}) - (143€),)||ye, |- We will prove that 6, — 5 for some subsequence
(nk) of natural numbers. If not, then 6,, > % + ¢ for some ¢ > 0 and for all n > ng
for some ng. So, there exists r such that 0 < sinf,, < r < 1 for all n > ng. Then
(1+se0)(1+s€))...(1+s€, 1) < M-T[>_, (1+ser™) = K for some constants M
and K. So, |lye || < K||ye, | for alln. Let (yn, ) be a weakly convergent subsequence,
converging weakly to yo. Then, Ty,, — Tyo and [|[Ty,, — ol = €n, — 0. So,
| Tyo — wo|| = 0. That is, T'yo = wo. This contradiction proves that ,, — 5 for
some subsequence ng. Let ex = €,,. We now claim that e, — 0. If not, then
€x — €o for some €y > 0. By Theorem 2, y., — ye,- S0, Tye, — Tye,. It follows

that (T'ye, — 20, TYe,) = 0, which contradicts part A. |
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2. INVARIANT SUBSPACES

Lemma 1. IfT is quasinilpotent, then ”ﬁ;’fﬁ” — 0 as k — 0 for some subsequence
"k

().

Proof. Suppose not. Then there is a ¢ > 0 such that % > t for all n > 0.
So, [ly1]l = tlyall = ... > t" " yn| for all n > 0. By the minimality of ||y1]],
17" yull > llyall. So we have [T [lyall > 177 ynll > llyall = = Hiynll
Therefore, |[T771|| > ¢t"~! for all n > 0. This contradicts that o(7) = {0}. O

Theorem 4. Fvery compact operator has a hyperinvariant subspace.

Proof. Let K be a compact operator. If R(K) # H, then R(K) is a hyperinvariant
subspace for K. So, we will assume that R(K) is dense. Also if K has nonzero
eigenvalues, then the eigenspace corresponding to each eigenvalue is a hyperinvari-
ant subspace for K. So, we can assume that K has no eigenvalues, i.e. o(K) = {0}.

Let g € H with ||zo]| # 0 and 0 < € < ||zo||. Let y, be the backward min-
imal points with respect to (zg, e, K™). Let T be any operator commuting with

K, with ||T|| = 1. Let ”ﬁ;’"ﬁ” — 0. We may assume, by passing to a subse-
Mg

quence if necessary, that K™y, — yo weakly and K"™*~1y, 1 — z weakly. Then
TK"yy,,—1 — TKzin norm. Let o, be scalars and vy,, be vectors with y,, L yn,
such that

Tynk—l = Ony Yny + T
KnkTynk—l == O[nkKnkynk + Knkﬁynkv

<TKnkynk—laKnkynk - $0> = Qny, <Knkynkankynk - $0>
+ <Knk’7nkaKnkynk - {E0>,
<TKnkynk—1v Knkynk - $0> = Oy, <Knky"k’Knkynk B $0>,

limy oo <TK"kyn,c—1, Knkynk - $0>

0.
So,
<TKz,y0 — x0> =0

and

<Tz, K*(yo — x0)> —0.

Observe that the angle between K™y,, and K™y, —x is bigger than 7. So, llvoll? <
liminf || K™y, |* < ||zo]|? — €2. That is, yo — 2o # 0 and K*(yo — 7o) # 0. Note
that {T'z : TK = KT} is a closed subspace invariant under any operator commuting
with K. This space is not the whole space because it is orthogonal to the nonzero
vector K*(yo — o). O

Definition 1. A vector z is called hypernoncyclic for an operator T if the vector
space {Ax : AT = T A}, which is invariant under all operators commuting with 7',
is not dense.
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Theorem 5. Let T be a quasinilpotent operator. Let xog € H. If for every 61 > 0
and each 6o with 0 < 69 < 81 there exists a 7 > 0 with

<Tnyf” "y, — 1?0> < -7

for alln > 1 and all € in [62,61], then xq is hypernoncyclic for T. In particular, T
has hyperinvariant subspaces.

Proof. We will first prove that for every 6; and 62 with 0 < 63 < 61 there is a
constant Ks, s, such that for all n

lyp?ll < Ksyso - llynt -

The hypothesis of the theorem implies that for every € in [62,81] and every n, if
the angle between T™y;, and T"y;, — g is 05, then 07, > 5 + 6 for some 0y > 0.
Consequently, sin 5 < t < 1 for all n, for all € in [62,61], and some ¢. For each n
there exists o' such that ||zg — (1 4+ %) - T2 || = 6; - sin@%'. It can be easily
seen that 07511 < 361. Let €1 = 61 - sin 97511. Thene, ; < 6; -t and

lyert ] < (L+361) - [lyoH -

If €51 < 62 let €2 = €,,1. Otherwise, let €, 0 = 81 - sin 6% - sin 0. Then, either
€n,2 = €n1, OF €52 < 01 - 1% and

sl < (14+360) - (14361 -1) - [lyp .

Continuing inductively, for each k& > 1 we define €, = €, (v—1) if €, (x—1) < 02,
and €,k = €, (j_1) - sin 0"

61 - t*=1 and for all n

g < (14361) - (1+361-t) - (L4360 -t"1) - [y .

, otherwise. Then, either €, ; = €n,(k—1) OT €n g <

There exists a ko such that 6; - tho < 85 < 6 - tFo=1. Clearly, €n,ko+1 = En,k, for all
n. Let Ks, 5, = (1 +361) - (1 +38 -t) -+ (14361 - t*o~1). Then

Hy ” < K51752 ’ ”yle”

Since T is quasinilpotent, there is a sequence (ny) such that ||y ||/ Hynk =0
and Tk ffk — 1o weakly for some vector yg. Let A be any operator commuting
with T'. Without loss of generality we can assume that ||T']| < 1 and ||A|| < 1. Let
o, be scalars and -y, be vectors orthogonal to y51 such that

Aynk 1= Qny - ynlk—i_’ynk'
Then
" TR VI

= = 6,62
lynll2 ™ Nyl

5.
o, | = [(AyS2 1, yoL )] -
oL _ 1||

It follows that
<AT”’“ynk_ , Tyt —x0> — 0.

Since, AT"kyffk_l = ATxo + 62 - ATz, 1 for some z,, 1 with ||z,, 1] =1,

<AT3:0 48y ATz, 1, Ty — a:0> 0.
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Consequently,
limn_>oH<ATxo, T"ky;il,c — x0>H < b9.
As the left-hand side of the above limit is independent of 82,
limn_>0<ATx0,T”"yffk - x0> — 0
and
<AT3:0, Yy — a:0> =0.

In other words,

<Ax0,T*(y - x0)> =0.

Theorem 6. If o(T) = {0}, then either “A” or “B” holds.
A. T has hyperinvariant subspaces.
B. For every x in H with ||z|| = 1, for every e > 0, and for every v > \/2¢, there
are ' with ||’ = 1 and € with 0 < €’ < € such that either 1 or 2 holds.
1. ||z —2'| <e
2. For some subsequence (ny) of integers we have T”’“yf{hw1 = A, 21+ S5h,,
where Sy, L x1 and each weak limit of Sy, has norm less than - €.

Proof. Assume “B” does not hold for some unit vector zp, some € > 0 and some
v > V/2e. Since T'is quasinilpotent there is a subsequence (y5,, .,) of (y5, .,) such
that [[yS, oo/ 156, ol = 0. Put Tys = Azg +wo + Sy, where Sy, — 0

weakly. Since “B” does not hold, ||wg| > - e. It follows that ||S,, || < (1 — l;) - €.
We get
Iy

Let ©1 = Axg + wo. We have ||z1]] > 1 — €. So, after normalization we get (with

! Tq
21 = 1)

(1-(v?/2))e

NEk,Zo

€
< Yo -

1=(y2/2) 1
A = N ol
ynk,ri = 1—_¢ Ynpe,aoll-
. . 1—(~2/2) .
We now start the process over with ] instead of zg, €} = %e instead of e.

Either we have “B” or we get a2}, with

_ A2
We see that the sequence xg,x}, x5, ... converges, since ||z], — x),_4] < (11—_76—)"
1-(v*/2)
1—e

1-(%/2) 1=(%/2)
—e T—e;

ynk,zg

<1 145, oo
= (1—6)(1_61) ynk,zo °

Since €, < ( )™ - €, either we have “B” for some n, or with = lim ], we
will have x = T"*wy, with |lwn, || < K-||y5,, ., || for all k, where K = m
An argument similar to the proof of Theorem 4 implies that = is hypernoncyclic

for T. O

Theorem 7. Assume that T is normal, has a cyclic vector and has dense range
R(T). Assume xo & R(T). Then, for any xo, the sequence (T™yS) converges in
norm to a hypernoncyclic vector.
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Proof. We can assume that 0 € o(7T'). Represent T as multiplication by z on L?(u),
where 4 is a regular Borel measure on o(T'). Let o = f. We have the following
lemma, whose proof is obvious.

Lemma 2. Given € > 0, there are a 6 > 0 and 0 < o < 1 such that if g(z) =0 for
2| <6, g(2) = af(z) for |z| = 6 and g(2) = f(2) for |2| > 6, then | f — gl = €. If
u{z:|z| = 6} =0, then « is arbitrary.

|2n

We have T™y¢ = 6, T™(I — 5nT*nTn)_1T*”x0 _ _bulz

1557z f(2). Let 8 and a be

as in the above lemma. We will show that

6n|2|2n
1 —_ .
(1) ESFNEED -0 V|z| < 6

5,82 for infinitel
W>’7 or Infinitely

many n, say for the sequence n,. Then for all z with |z| > §’ we have §,, |2|*™ — o
énu|z|2n,,
' T8, 277w

Assume not. Then, there are ¢’ < § and v > 0 such that

as v — 00. So — 1 for all z with |z| > ¢’. But by Lemma 2 and since

bny |22 Ony |
0 < W < 1 for all zZ, We get HW

This contradiction gives (1), and in the same way we get

Z‘Znu

- f = f|| < € for v large enough.

6n|z|2n
2 — —1 v 0.
Now if p{z : |z| = 6} > 0, then (1), (2), and Lemma 2 give 71%5';;” - «a

V|z| = 6, as otherwise H% f = f|| = ¢ would not hold for n large enough.
Hence, T"y,, — h in norm, where h(z) = 01if |z] < 6, h(z) = a- f(z) if |z| = 6, and
h(z) = f(z) if |z| > 6. Let Ss = {z : |2] > ¢}, and let Kg, be the characteristic
function of Ss. Then h - L?(u) C Ks, - L?(u), and Kg, - L?(u) is a hyperinvariant

subspace for T'. So, h is a hypernoncyclic vector for T'. O

Remark 2. A. Note that in the proof of Theorem 7, as ¢ — 0, 6 — 0. So, as € — 0,
Ks, — 1g(7y. It follows that if xg = 157y, then as ¢ — 0, the hyperinvariant
subspaces corresponding to € grow to H.

B. The proof of Theorem 4 can be written in terms of (vy).

C. From the proof of Theorem 4 it is clear that if T" is quasinilpotent and either
(v5,.20) OF (T™ys, ;) converges in norm for some x and some e with 0 < e < ||z,
then T has hyperinvariant subspaces.

D. Suppose T is either a compact operator or a normal operator such that R(T")
is dense and is not the whole space. Then, the set of hypernoncyclic vectors of T is
dense. In particular, if an operator A commutes with 7', then A has a dense set of
noncyclic vectors. In other words, any operator with an open set of cyclic vectors
does not commute with 7.

3. OPERATORS OF CLASS R

Suppose T : H — H is a noninvertible bounded linear operator with dense range
and zg € R(T). In the previous section it was shown that if 7' is normal then
(T™y;, +,) converges in norm to a hypernoncyclic vector, that if 7" is quasinilpotent
and (T"y;, , ,) converges in norm, then the norm limit is hypernoncyclic, and that if
T is compact, then some weak limit of (T"yfl,z ,) is hypernoncyclic. This shows that
the norm convergence of (T"y;, . ) is an important issue, and raises the following
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question. Suppose T is a nonsurjective bounded linear operator with dense range.
Suppose the set N' = {xo : o & R(T) and T"ys, ., — ys, i norm} # 0. Is it true
that for some xo € N the norm limit y5, of (T™ys, ,,) is noncyclic? In this section
and the next we work on the norm convergence of (T"yy, ,,.) and (vy, ,, ). Remark
7 concerns the question we just posed.

Definition 2. Let T': X — X be a continuous linear operator. A vector z in X is

said to be quasimaximal for T if ”HI;MfCHH > b, for some 6, > 0.

Lemma 3. Let T : H — H be any bounded linear operator, xg € H, ||xo|| =
and 0 < € < ||(E0|| Let 6¢ . be the negative constant appearing in the orthogonality

n,xro
equation vy, . — To = 6; o LTy, - Then, the following hold true.
a. € < =6 ||T”||2 Vn > 0.

n,xro
b. The sequence (=65, , |IT"||?) is bounded from above if and only if there exists

a 6 such that 0 < 6 < IlTTfHH V& € B(xzo,€) Vn.
c. If xo is quasimazimal for T, then there exrist € > 0 and 6. > 0 such that

”HI;MfCHH > 6. >0 VYn and Vx € B(xg,€). That is, the set of all quazimazimal
vectors is open. (Here T can be assumed to be an operator from X to X.)
d. If xg is quasimazimal, then there exists an € > 0 such that (— |T™|?) is

bounded from above.

Proof. (a) Let v, = 0§

n:Eo|

From the orthogonality equation we have

n,ro"
= = b5 wo [T T 0nll < =65 oo IT" P lvnll < =65 4 1T
(b) Suppose 0 < § < ””TT,LI”H Vn Va € B(zo,€). Then,
o I T T
ST T T o T
S0, =685, 4, IT"]|* < 7. Conversely, suppose the sequence (=&, , [|7"]|?) is bounded.
From equation (1) We have
e[|
_5 ™ 2 — _§¢ T = 12— L < af
TP = 85 I T = T <

So, 7T ||T*nTnv | < 7= 7" 0]l Hence,
o ITrel_ [Tl
TR

(c)Let0<p< ”I fﬁ” VYn > 0. Let 0 < € < p. Then,

IA

Vn > 0,Vz € B(xg,€).

[T"zoll [Tyl _ || T 20
lzo — yll < e —> - < |7t - || <
A I (A Al ||T”||
That is, p — € < HHI;::?””. Let § =p —e.
(d) is clear from (b) and (c). O

Remark 3. a. From Lemma 3 it follows that if T is quasinilpotent injective and
with dense range, then for any zy with ||zl =1, — |T"|? — oo.

b. If z is nonquasimaximal for T, then the space {Ax : AT = T A} consists of
nonquasimaximal vectors. Consequently, if T has a quasimaximal and a nonzero
nonquasimaximal vector, then 7" has hyperinvariant subspaces.

’n,$0|
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c. Suppose T is quasinilpotent. Then, % — 0 for some subsequence. So,

for any vector x the vector T'x cannot be quasimaximal for 7. Thus if 7" has a

quasimaximal vector x, then Tz is hypernoncyclic. It is easy to see that for any

dense range operator A, if a vector Ay is hypernoncyclic (cyclic) for A, then y is

itself hypernoncyclic (cyclic) for A. Thus, if T is quasinilpotent with dense range
and with a quasimaximal vector, then all vectors are hypernoncyclic for T

Definition 3. A bounded linear operator 7' : X — X is said to be of class R if
each nonzero vector is quaisimaximal for 7.

Definition 4. A sequence (a,,) of real numbers is called admissible for a bounded
linear operator T if there exist constants k > 0 and K < oo such that for all n > 1

kT < an < K- [IT7).

Remark 4. a. Suppose (a;,) is a sequence such that for each nonzero vector = there
exist 6, and 7, with

Tz
(%) 0<éy < LN

Ap

Then there exist constants k and K such that

< 1 < 00.

() kAT < an < K- [T

Consequently, if (%) holds for each nonzero x, then T is of class R. Conversely, if
T is of class R, and (a,,) is an admissible sequence, then (*) holds for each nonzero
vector x.

b. If T is of class R, then (T") > 0. If (a,) is an admissible sequence for T" and
“ntl — ¢, then t = 7(T). Recall that a Cj-contraction is an operator T': X — X
such that |T™]] = 1 for all n and for each = # 0 there exists §, > 0 such that
6, < ||[T™z| for all n. Clearly, a Ci-contraction is of class R. Recall that an
operator T is said to be power bounded if there exist § > 0 and M < oo such that
6 < ||T™|| < M for all n. Example 1 in the next section shows that an operator of
class R is not necessarily power bounded (even if r(T) = 1).

Proof. (a) Since ”T%” < 7, < oo for each z in X, the uniform boundedness

principle implies that ” al < M for some M < co. Let k = <-. Now if there is no
K such that a, < K - ||T"H, then ”;—z” — 00. So, % — O. Hence, % — 0.

This contradicts the hypothesis. Thus, (*) implies (*x). The rest of the conclusion
can be seen easily. O

Let [°° denote the Banach space of all bounded sequences of complex numbers.
Recall (see [3]) that there are linear functionals F : {*° — C and G : [*° — C with
the following properties.

(1) F((&)) = limit of a subsequence of (&,).

(2) F((&n)) < F((&1)) if &n, &, are real and &, < &, Vn > 1.

(1) G((&r)) = limit of a subsequence of (%)

(2') G((&n)) = G((&n)) 1f &n, &, are real and &, < &, Vn > 1.

(3") G((¢,)) = G((€n+1))- That is, G is invariant under the shift.

Recall that a linear functional F or G as above is a Banach limit (see [3]). In
this article we will consider Banach limits that satisfy either 1 and 2 or 1/ — 3.
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Remark 5. a. Suppose T : H — H is of class R, (a,) is an admissible sequence for

T, and F is any Banach limit. Then, the function [-,-] : H — H defined by
Tz T"
[xvy]an:f< 7_y>
An  Gp
is an inner product on H and it defines a Hilbert norm || -|| 7 4, on H by ||z[% , =
f(%) The norms || - || £,4, and || - [| £ 7~ are equivalent.

b. Suppose T : X — X is of class R and (a,,) is an admissible sequence for T
Let F be any Banach limit. Define ||z| 7,4, = .7-'((”7;—?”)) for all x € X. Then,
|l - l7,a, is a norm on X. The norms | - || 7.4, and || - || 7 7= are equivalent.

c. Suppose T is of class R, (a,,) is an admissible sequence for T and G is a Banach
limit invariant under the shift (i.e. G(z,,) = G(xn+1)). Then, T extends uniquely to
a bounded linear operator T from the completion X to itself. If lim “2—:1 =r, then
A=T (X
an isometry A from the completion X of X onto itself. In particular, if T is power
bounded, (a,,) is any admissible sequence for T with a;:1 —1(e.g. ap =1Vn), and
F is a Banach limit invariant under the shift, then 7 : (X, ||| £.0.) — (X, |- |7.a,.)
is an isometry. The case when T is power bounded has already been considered by
C. Foias and B. Sz.-Nagy [4].

G.an) = (X.]l - llg,an) is an isometry, which obviously extends to

Proof. (a) It is easy to see that || - || 7,4, is a Hilbert norm. For the equivalence of
|l - l7,a, and || - || 7 7= note that there exist constants m and M with
n |2 n |2 n |2
L i
17| aj, 17|

(b) This is similar to (a).
(c) Suppose || - || 7q, is defined as in (a).

HTTH-leZ) _ ]__(||Tn+11'||2 . an+12)'

anz 2

IT2)2, = 7 (

an+12 79}
For any € > 0 we have
Tn-l-l 2 Tn-‘rl 2 a2 Tn-‘rl 2
f<|| z| - 0?) SJT(II z|* =y SJT(II z]] (r+9?).
an+12 an+12 Qn, CLn+12
It follows that

j__<||Tn+1;p||2 . a%H) _ 2 _]__(||T"+1:c||2) =22
an+12 anz CLn+12 an’

The proof is similar if || - || 7,4, is defined as in (b). O

Remark 6. A result of C. Foias and B. Sz.-Nagy [4] states that if T : H — H is
power bounded, and for each x # 0 there exists 6, > 0 such that 6, < | T"x| and
b < ||T*"x|| Vn, then T is quasisimilar to a unitary operator, and hence it has
hyperinvariant subspaces. This result extends (with a similar proof) to a Hilbert
space operator of class R as follows. If T' and T™ both are of class R and if there
is an admissible sequence (a,) such that a;—:l —r=r(T), then % s quasisimilar
to a unitary operator. Hence, T has hyperinvariant subspaces.

Notation. Let T : X — X be a bounded linear operator with dense range. Let
Xo={x € X: T "z exists Vn}. Recall that X is dense (see [1]).
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Lemma 4. Suppose T : X — X is of class R, (ay) is a sequence such that for
some positive constants k and K, k- |[T"| < ap < K- ||T™]| for all n > 0 and
a”al—:l — 1. Then, the following hold true.

a. F={gec(X,|-|): T "g exists VYn, and sup, | T* "g| - r™ < oo} # {0}.
b. For any g € F define |g| = sup,||T* "g|| - r", then, |- | is a norm on F.
c. Let x € Xg.
1. If F is any Banach limit for which F((&,)) = the limit of some subse-
quence of (€), then, [T~z 5.q, < I - lal.
2. Suppose % is power bounded and F is any Banach limit. Then, there
exists a constant K' such that |T~™x|| £a, < K -r7™ - ||z

Consequently, T~ : (Xo, || - ) = (X, || - | 7.a,,) s continuous.
d. Let F be any Banach limit such that |T"x||rqe, < K'-r~™ - |jz| for all

x € Xo and some K'. Then, for any f € (X, |- |F.a.), T* " (flx) exists for
all m.
e. Let F be as in d. Then, for any f € (X, ||- || £.a,) we have f = f|x € F and

1< K| Fll700-
f. Suppose L is power bounded. Suppose F is any Banach limit. Suppose F is

||-|-dense in (X, ||-]|)’. Then, the mapping J : (F,|-|) — (X, || |.a,)" defined
by J(f) = f is an isomorphism, where f denotes the unique extension of f
to all of X. That is, there exist K' and K" such that K" - || f||r.a, < |f] <
K' - ||fllF.a,- If F is invariant under the shift, then T extends to a unique
bounded linear operator T' from (X, || - || £.a,) to itself.

1. For any f in F, (T)*f = (T*fj = J(T*f).

2. Suppose A is any subspace of F. Then, A is invariant under T* iff JA

is invariant under (T)*.

Proof. a. Let z # 0 and 0 < 6, < Hf‘;ﬂ Let (f,) be a sequence in (X, | - )

such that || fu]| = 1 and | fo(5:2)| > 6. Then, |02 (2)] > 8. That is, 7502

0 in the w*-topology. Since this sequence is bounded, it has a w*- convergent
xnl xnl—1

subsequence, say To-ft — gy in (X, || ). As (Z——Le1l) is bounded (by 1),

An1 Anl—1
T*n271f 5
n

An2—1

it has a convergent subsequence, say — go. Note that

T*n2fn2 _ (an2_1) T T*"QflfHQ)'

an2 an2 (p2—1

It follows that ¢ = %T*gg. That is, T*g2 = 7 - g1. Applying this argument
repeatedly and passing to the diagonal subsequence, we get a sequence (ng) of
natural numbers such that Ta:—f"’“ — gm in the w*-topology. Since

k—m

"k P
T fn, _ (ank—m) .T*m(T fmc),

a”I’L]c a”I’L]c a”I’L]c —m

m

it follows that T*™g,, = r™ - g;. That is, ||T* g1 - ™ = ||gm|- Note that
lgm|| < %. This means that g; € F.
b. This is obvious.
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c. 1. There is some subsequence (ny) of natural numbers such that

||Tnk_m$|| B hmk ”Tnk—mx” _(ank—m)
- — 00

Nk afnk—m ank

||T_mx|| an,F = ]‘lmk?_’OO

2. Since L is power bounded, there exist ¢ > 0 and C' < oo such that ¢ |77 <

|7 < C-|IT"|| Yn. In view of (1) we can assume that F((&,)) = the limit of a
subsequence of (8F:Hen) Let x € Xo. |T* "z £,4, = limit of a subsequence of

m w = the limit of a subsequence of /- HT;—GIH Each term
Tl _ R IT "] a1 (i—2m) C
Z Z : . < - : ST
J i = JGiem G k J c
Let K' = <.
d. For any = € Xy, with ||z|| <1,
—-m F(m—m ¢ —-m 3 r "
(F(T ") = |FT" ) < A fllanr - 1T "2l 700 < NFll 7 - ——

Thus, fT~™ is uniformly bounded on the || - ||-unit ball of Xj.

Let g, be the unique extension of f7~" to a bounded linear functional on
(X, |- ). Tt is easy to verify that T*™g,, = f for all m. That is, T* " f exists for
all m.

e. We have

m

1T fll-r™ = supjuy<ipex, IF(T ") -7
m )

¢ -m m £ r m £
Sz an - IT7" 2l 70, - 7™ < fllF.an, - ™ < fllFan - 3
So, Ifl < & - IfI-
f. Let ¢ > 0 and C' < oo be such that ¢ [T <™ < C-||T"|| Vn. In view
of (e) we need only to verify that if f € F, then f has a unique extension f and
I 7]l < (constant) - |f]. Let z € X be such that ||z|| 7,4, < 1.

@) =TT = [ ()T < (1 g0 - (L

< (e gy - (L Ky

an c
So, | f(@)| < |f|-|]la, - £. Since X, is dense in X, it follows that £l 7. < K5

(1) For any & in X we have (T)*f(z) = f(Tx) = f(Tz) = f(Tz) = T f(z).
That is, (T)* flx = T°f or (T)*f = (T*f). )

(2) Suppose A is invariant under T*. Let f € JA. Then f|x = f € A. So,
T*f € A, and J(T* f) € JA. By (1) above, J(T* f) = (T)* f. So, (T)*f € JA. Now
suppose JA is invariant under (T)*. Let f € A. Then f € JA and (T)*f € JA.
That is, J(T*f) € JA. So, T*f € A. 0

Theorem 8. SupposeT : X — X is a bounded linear operator such that % s power

bounded. Let F = {x € (X,|-||): T* " exists Vn, and sup, |T* "z|r" < oo}.
Let a,, be an admissible sequence for T and F be any Banach limit invariant under
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the shift. Let T denote the unique extension of T to an operator from the completion
(X, NlFan) of (X, |- | 7.an) to itself. Then, the following hold true.

a. Some nonzero element of X is noncyclic for T iff some nonzero element of
F' is noncyclic for T*.

b. Some nonzero element of X is noncyclic for (T)_1 iff some nonzero element
of F is noncyclic for (T*)~1. (Here, T is assumed to be invertible.)

Proof. a. Suppose some nonzero element of F' is noncyclic for T*. Then there is a
proper closed subspace M of X’ invariant under T* such that M NF # (0). Clearly,
M N F is invariant under T*. Let J be an isomorphism as in Lemma 4 (f). Then,
J(M N F) is invariant under (7)* by Lemma 4 (f) (2). Consequently, the polar
[J(M N F)], g of JIMNF)in X is invariant under 7. We make the following
assertions. 3

(1) [J(M N F)] 5 # X.

2) JM N F), 3 N X # (0). )

Clearly, (2) implies that a nonzero element of X is noncyclic for 7.

Proof of (1). If [J(M N F)], ¢ = X, then J(M N F) = (0). So, M N F = (0).
This is a contradiction. ~

Proof of (2). If [J(M NF)], ¢ N X = (0), then for each z in X, there exists an f
in J(M N F) such that f(z) # 0. That is, for each  in X there exists f in M N F
such that f(z) # 0. Therefore, the closure of M N F is X'. This is a contradiction.

For the converse suppose that some nonzero element of X is noncyclic for T.
Then there is a proper || - ||7.4,-closed subspace M of X such that M N X # (0).
Clearly, M+ C JF, and M* is invariant under (T')*. By Lemma 4 (f) (2), J ' (M)
is invariant under 7. So, the || - ||-closure of J~!(M=) is invariant under 7. We
claim that J—l(ML)IHI # X'. Taking the claim for granted, J—l(ML)”.” is a
proper closed subspace invariant under 7™ and intersecting with F'. We now prove
the claim. Tf 7-1(75) " = X7, then [J-1(ML)]1x = (0). But (0) # M X C
[T~ (M) x-

b can be proved the same way. O

4. NORM CONVERGENCE OF EXTREMAL VECTORS

Proposition 2 (Duality between the forward and the backward minimal points).
Let T : H— H be a bounded linear operator.

€,%

(a) If y%, is the backward minimal point for T*", and ¢ = |T*"yg% |, then

o
Vpze = To — 1"y, o s the forward minimal point for T™. Conversely, if
€ y ‘1 a " n !/ __ € *N €l —_
U, 2y 18 the forward minimal point for T", and €' = ||lv;, . ||, then T*"yy, =
To — Vp, 4, 8 the backward minimal point for T™™.

(b) Let zg be a fized vector in H with ||xo|| = 1. Let 85 be the angle between
Ty, 2 and T"yy5, o0 — o, ;¢ be the angle between vy~ and (vy5, — o),
and oy, be the angle between vy, . and (v, .. — o). Then,

(1) lime—1Cos B = lim._,oCosa’, and

(2) lime_,0Cos af, < _lhgigﬁ“”

(c) Suppose for each 0 < e < ||zo| and for each sequence (e, ) converging to

F — vy, in norm. Then, there exists a subsequence (ny,) such that

€n
€, Uny
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T* K y;; )
vector for T*"*.

(d) Let0 < € < ||zol|. Suppose for each sequence (e, ) converging to e, T*"ky;’:yf)
— yx, i norm. Then, there evists a subsequence (ny,) such that Uny, — Vo
in norm.

. "k . .o
— Yy, n norm, where T ly:;’]fl’zo s the backward minimal

Proof. (a) Let y5, % =y, vy, satisfies the equation T+ gt = 6, T T™(T*" y — o)
for some &, < 0. Set v, = xo — T y%. Then, —T*"y* = 6,7*"T"v,. So,
(vp — o) = 6,7 T"v,. Since the equation (X — z¢) = aT*"T"X has a unique

solution of the form (a, X) for a < 0, it follows that v, is a forward minimal point.

As the [[on — 2ol = [Ty = ¢, vn = v,
(b) Let ys, = Y5 005 Vs = Vg uy> and v = viS - and € = ||T"ys[. We have
’ ’ ’
(T"yr, =0, T"yp) = (v, wo—vy ). So, e[| Ty, ||-Cosfy, == €-[|vy5, ||-Cosar, <.

Therefore, Cosgt, = M Ase — 1, ¢ — 0, and |[v>¢|¢l. The first
equation is now immediate.
We have (v, —xo, v5) = €-]|v5||-cosas,. On the other hand, from the orthogonality

equation

(5, = zo,vy,) = (8T " T}, vy,) = 63 | T ||,

n -'n
So,
cosat — SAIT"wl? TP e e
eflvgl? [op I - N7 T op|| = ol - N7 - 1T onll floall® - [T
Note that
b =T all__ [Tl
[[onll? - [T 7|

(c) Let (ng,) be a subsequence such that (||T*nkl Yn, ) = (en,,) converges in
norm to say €. Then, 0 < eg < [|zol|. Now the result follows from (a).

(d) This is similar to (c).

Thus, if xg is quasimaximal for 7" and 0 < § < % for all n, then for some
8" > 0, lim.,oCos af, ., < —8 Vn. Example 2 (below) shows that zy does not

n,xro

have to be quasimaximal for lim._oCos a5, ,, < —¢' to hold true. O

Our definition of minimal points make sense if the space is a strictly convex
reflexive Banach space. More precisely, if X is reflexive and T' : X — X is a
bounded operator, then the set {T"y : ||y — xo|| < €} is weakly compact for any
20 € X and 0 < € < ||zg||.- So, the norm of X attains its minimum over this set
at a point of the set. If the norm of X is strictly convex, then the minimum is
attained at a unique element of this set. That unique element can be defined to
be the forward minimal point vy, , . Similarly, the definition of backward minimal
points can be extended.

Recall that a result of M. I. Kadets [2] states that any separable Banach space
admits an equivalent new norm which is locally uniformly convex. Recall also that
a locally uniformly convex norm is strictly convex and has the property that if (z,,)
is a sequence such that z,, — = weakly and ||z,| — ||z||, then z,, — = in norm.

Proposition 3. Suppose X is a reflexive locally uniformly convex Banach space

and T : X — X is any bounded linear operator. Let v, = vy, . .
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Un .
a. If vy, — vo weakly and if HTTkHJ — 1, then vy, — vo in norm.

b. Suppose T is of class R, (ay) is an admissible sequence for T, and F is any
Banach limit. If v,, — vo in norm, then

1 1Tk vp, ||
* IT"kvo

2' ||’U0||\7:7anlC S ||:’CH\7:7ank'

— 1 and

Proof. (a) Suppose not. Since X is locally uniformly convex, ||vg — ol < €. So,
[tve — 0|l = € for some 0 < t < 1. Consequently, ltﬂ;—::%% — 1 >6>1 for
some 8. That is, ||T™ vy, || > 6||T™ (tvg)||  Vk large enough. This contradicts the
definition of v, .

(b) (1) We have

”TnkUOH ‘Tnkvnk” HTTLkUO . T g,
[Tl (A I A N A

< vn, = wvoll = 0.

So,

M Nk
[Tl /[T

Since, Ik voll 5 0, it follows that Wreon i g

HT"kle 1Tk vo|
(2) Let M = 6p,. Then, é,, <1Vk and 6,, — 1. For any x € B(zo,€)
we have | T x| > HT”kvnkH = O, [|T™ vg]|. So,
Nk Mk Nk
[Tl | T o] s Tl
Qn,, Ap), Apyy,
It follows that |[z[| 7.4, > llvoll7,a., - |

A corollary of Theorem 11, which appears in the appendix, is given bellow.

Corollary. Suppose X is a strictly convex smooth reflexive Banach space, T : X —
X is of class R, (an) and (by,) are any admissible sequences and F is any Banach
limit. If for each xo # 0 and each 0 < € < [|xol|, the sequence vy, . — vg  in norm,
then there exists a K such that || - || F.a, = K| - | £,

Theorem 9. Suppose (X, ||-]]) is a reflexive locally uniformly convexr Banach space,
T: X — X is an operator of class R and (ay,) is an admissible sequence for T'. Let
20 € X, 0<e€€e, < |0, €n — €, and v» = v

n,xro "
a. Suppose for a weak limit point vy of {vir 1 n > 1} there is a norm || - ||y, on
X such that ||vollv, < ||7|lv, Y2 € B(xo,€)). - Then v is a norm limit point
of {vér :m > 1}.
n, €k k
b. Suppose for each k the sequence (”Ta#” _, ts increasing. Then, for each
weak limit point vy of {vsr : m > 1}, there is a norm || - ||, on X such that
lvolloe < lzlloy Yz € B(xo,€)). . Consequently, each weak limit point of
{ver : n > 1} is a norm limit point of it.
" m, k k
c. Suppose limnl‘ai"l‘ exists and lim,, ”Tav’“ I < 77w k’“ il for each k. Then, for

each weak limit point vy of {veF : n > 1}, there is a norm || - ||, on X such
that |lvollve < [|2]lv, Vo € B(xo,€)).. Consequently, each weak limit point of

{vér :n > 1} is a norm limit point of it.
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[T vi" |

17" ]|
Qn

IN

d. Suppose lim,'—" ezists for all x € X and lim, ™ ar
each k. Then, vi* — vo in norm for some vy. In partzcular zf T is a C-

contraction, then ( U5, ) converges in norm for each xo # 0 and 0 < e < ||zol|.

Proof. (a) Suppose not. Since, (X, || -]|) is locally uniformly convex, it follows that
[lvg — xo|| < €. So, for some ¢t < 1, ||[tvg — xo|| = €. By the hypothesis, it follows
that ||vo||v, < t|lvollv,- This is a contradiction.

(b) Let F be any Banach limit. Let vy be any weak limit point of the set and
let vy,"* — vy weakly. For any m we have

7700l o 08
QA B Am
< lim infy H ”kye"k ”
< =~
T |
= limj——— (for some subsequence (ng,) of (ng))
nkl
"
< lim inflw for each © € B(x, €)
Nk

1

Define ||z|v, = f(”z;nﬂ) for all x € X. Tt follows that
ey

Fr(Elly < (e,

any, Ay,

That is, |[vollvy < ||Z]lvs V2 € B(xo,€). Since || - ||y, < (const)|| - ||, it follows that
[volles < llzlley Yz € Blwo, )y )

(c) Let vy be any weak limit of the set and let vny,:’;l — vp weakly. Define

lzlv, = ]:(w) Since ||z]|o, < (constant) - ||z|| for all z € X, it follows that

Ang,
Vit — vo weakly in (X, || - [|v,). Thus,
I‘V’I’L]c k
vollog < lim infy|jvs [0, < lim mfkw

Nk
Nk -
< lim infy H H Vx € B(ZZ?Q, 6)HH

an,

It follows that [lvgl|v, < |||y, for all 2 € B(xzo, €).-
(d) Let vg be any weak limit of the sequence (v,). Define ||z||,, = lim,
Ve € X. Let v, * — vo weakly in (X, || - ||). Then,

T ]|
Qn

T
[volla,, < lim mfk”UEH |la, = lim infy lim,, —— ” Unk I
am
nk "k TT“‘
< lim iu, 0] Ll infi, 1Ll
Qny, Apyy,

It follows that ||vg|la, < |lz|la,. By (a) it follows that vy* — vo in norm. Now
suppose if possible that zg is a norm limit point of the set {v, : n > 1} and v # 2o.
By strict convexity of | - ||, || 222 — zo|| < €. So, for some 0 < t < 1 we have



EXTREMAL VECTORS AND INVARIANT SUBSPACES 555

t(”OQﬂ) € B(zo,€)).|- Note that [[vo|la, = [|20lla,- So, t|volla, > Ht(”OTJFZO)Han >

Volla,, - is 1s a contradiction.
l[volla,,- This i dicti O

Theorem 10. Let X be a reflexive locally uniformly conver Banach space. Let
T:X — X be such that ||T| = 1.

a. Suppose there are xo € X and 0 < € < ||xo|| such that (y;, .,) is bounded.
Then, yo € F = {x : T "z exists Yn, Sup,||T "z| < oo} for each weak
timit yo of (T4, ..

b. Suppose the vector space F = {x : T "x exist Vn, Sup,||T "z| < oo} is
dense. Let xo € X and € > 0 be such that 0 < € < ||xg||. Then the following
hold.

1. (y5.2,) @5 a bounded sequence.

2. T"yy, 4o — Yo in norm for some yo.

3. yo€ F={x: T "x exist Vn, Sup,||T "z| < co}.

4. |yo| = inf{|z|: 2 € B(xo,€). NF}, where |x| = Sup,, ||T~"z| is a norm

on F.
Proof. (a). Let y, = y§_,, for all n. Suppose [ly,|| < M Vn. Then, ||T*y,|| < M
VYn,k > 1. Suppose zp is a weak limit point of (T™y,). Since ||zo — zo|| = € <

lzoll, 20 # 0. We can find a subsequence (n;) of natural numbers such that
Ty, — zm weakly for some z,, for all m > 0. Clearly, 2, = T~ ™zp and

IT~™zo|| = ||zm|| < sup|lyn]| < M. This implies zg € F.
(b) Let y, = yy, ., for all n. Since the space F is dense, the sequence (y,) is
bounded. Suppose Ty, — yo for some yo weakly. By (a), yo € F. O

Claim. |yo| = inf{ |x| : = € B(xo,€). NF }.

Proof of the claim. Let (n;) be a subsequence of (n) such that 7™~ ™y, — T~ ™y,
for each m > 1. We have
[T~ yol| < lim infy [Ty, ||
< lim infj||yn, ||
< lim infy |77 2| for each x € B(xo,€)) NF
< sup,, |77 "z|| for each x € B(zo,€)) NF

Therefore, |yo| < |z| for each x € B(xq,€)). N F. O

Now an argument similar to the one in the proof of Theorem 9 (a) implies
that T™ y,, — yo in norm. Further, as in the proof of Theorem 9 (d), the strict
convexity of || - || implies that T"y, — yo in norm.

The next remark follows from Theorem 10 (b).

Remark 7. Let X be a Banach space, let X’ have a locally uniformly convex norm,
and let T : X — X be a Cj-contraction. Then, by Lemma 4 (a) F = {z € X' :
T* "z exists Vn, Sup, ||T* "z| < oo} # {0}. If F is not dense in (X, ] - )/, then
F is an invariant subspace for T. Suppose F is dense in (X, ||-]|)’. Let 2o € X’ and
0 < € < ||lmo|. Let T*™y denote the backward minimal points w.r.t. (xq, e, T*").
Then, the following hold.

a. T*"y* — yp in norm for some yyp.
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b. yo€ F={x € X': T* " exists Vn, sup,|T* "z| < co}.

Remark 8. Suppose T : H — H is a Ch-contraction. If H does not contain any
nonzero noncyclic vector for T, then by Theorem 8 and Remark 6 it follows that all
the norm limits of the sequences (T*nyfl*; ,) are cyclic vectors for 7. B. Beauzamy
defined an invertible C'i-contraction Mg on Hilbert space H and proved that no
nonzero vector of H is noncyclic for My, where My is the unique extension of My
to an operator on (H,||| - |||) and |||z|]] = lim,_oo|/T™x| (see [1]). (Note that
Il -1l = [I'- [l for any Banach limit F.) Thus, the norm limit of (M3"ys, . )
is cyclic for M for each zg # 0 and 0 < e < |[lzgf|. It is worth mentioning
that by a result of B. Beauzamy [1, Ch. XII], for T belonging to a large class of
C1-contractions on a Banach space X (not necessarily locally uniformly convex),
the space X contains a nonzero noncyclic vector for T. So, by Theorem 8 for
T belonging to a large class of Cj-contractions on X, the space F = {z € X :
T* "z exists Vn, Sup,,||T* "z|| < oo} contains a nonzero noncyclic vector of T*.

Example 1. We define an operator 7T : (> — [? such that T is of class R, ||[T"| —
oo and for any real number ¢ # 1, either ||[(£)"| — 0 or [[(£)"]| — oco. Let
{en : m = 0,1,2,...} be an orthonormal basis for I>. Let (a,) be a sequence of
positive real numbers such that ag-ai -as---a, = (n+1)*. Define Te,, = a, - €n41
and extend T to all of I? to be a bounded linear operator. It is easy to check that
T is of class R, ||T"|| = n*, »(T) =1, for 0 < t < 1, H(%)nH — 00, and for t > 1,
1F)" = o.

Example 2. Let T be a bilateral weighted shift defined by Te,, = ane,+1 for all
integers n. Let xg = Zf:_k cie; and 0 < € < |lzo||. Then every subsequence
of (T™y,) has a norm convergent subsequence. Every subsequence of (v,) has a
norm convergent subsequence. If g = ej for any k, then T"y,, = (1 — €)e, and
vp, = (1 — €)ey, for all n.

Proof. Note that T*"T"e; = |a;|? - - - |aiyn—1]* - €; ¥n and Vi. Let v, = .7 bse;.
We have (v, — xg) = 6, T*"T"v,,, where §,, < 0. We get

00 k 0o
Zbiei - Zciei = 5nz lail® - - |aitn—1|7bie;.
—o0 —k —o0

So, b; = 6plail? - - - |airn_1]?b; for i < —k and i > k. Consequently, §, < 0 implies
that b; = 0 for ¢« < —k and 7 > k. This means that the v, are all contained in
a finite dimensional space. The conclusion regarding (v,,) is now clear. A similar
argument works for (7"y,,). The assertion regarding the case o = ey, is also now
clear. Clearly, the angle between vy, ., and (v, ., — o) is 7, and the same holds for
the angle between T"y;, ., and (T"y;, ., —%0). So, in the terminology of Proposition
2, Cos ay, ., = Cos (3, ., = —1Vn and for all 0 <e < 1. |

s€k

Example 3. In this example vy, , = u for all odd integers n, and v;, , = w for

all even integers n and u # w. That is, in this case the sequence (v,) splits into
two subsequences, one converging in norm to one point and the other to another
point. Let (a,) be a sequence such that as, = 2 Vn > 0 and agn41 = 3 Vn > 0.
Let {e, : n > 0} be an orthonormal besis for [2. Define T on [2 by Te, = aneni1-
Let zg = €1 + €2 and € = 1. From Example 2 it is clear that v, = b,e; + ¢ e for
some constants a, and b, Vn. Easy computations show that
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T*"T", = bfel + 4cpeq if nis odd and

T**T",, = b,e1 + cpes if n is even.

From the orthogonality equation we get

(b — Der + (¢ — 1)ea = 6n(bfel + 4cpez) if nis odd and

(b, — De1 + (¢ — 1)ea = 6 (bner + cpea) if n is even.

Thus (by, ¢,) satisfy the equations

(1) (X =12+ (Y -1)2=1and

(2) 1— % =15 — gy if nis odd
and the equations

(3) (X —1)?2+(Y —1)2=1and

(4)1— 4 =1-+ if nis even.

Let u = (u1,u2) and w = (w1, we) be the solutions to the equations (1), (2), and
(3), (4), respectively.

An operator T can be defined in a similar way so that for some xg and € < ||zo||,
the sequence (T"y;, ,.,) behaves like (v,,) does in the above example.

APPENDIX

Definition. Let X be a normed linear space. Let f be a continuous linear func-
tional and = be a nonzero vector in X. The hyperplane x + Ker f is said to be
norming at X if ||z + k|| > ||z|| for all h € Ker f. For any 6 > 0 the hyperplane

x+ Ker f is said to be (14 6)-norming at z if ||+ h|| > ﬁ -||z|| for all h € Ker f.

Remark. For any normed linear space X, each nonzero vector z has a norming
hyperplane.

Proof. Let x be any nonzero vector. Let r = ||z||. Let U be the open ball of radius
r centered at the origin. Let C be a closed convex set disjoint from U such that
{z} = CNU. By the Hahn-Banach theorem, there is a continuous linear functional
f such that |Re f(u)| < ||z| for all w € U, and |Re f(y)| > ||z|| for all y € C.
Clearly, || f(z)| = ||z|| and || Re f|| = 1. It can easily be verified that x + Kerf is a
norming hyperplane at x. |

Theorem 11. Let (X, ||-]|) be a strictly convex smooth reflexive Banach space. Let
[[-1l1 and || -]|2 be two equivalent norms on X such that ||-||x < ||-|| and ||-|l2 < |- |-
Clearly, for each xg # 0 and for each 0 < € < |zo|, the closed ball B(xo,€), . is
weakly compact in (X, || -|:) fori=1,2. So, |- ||1 and || -||2 attain their minimum
over B(a:o,e)H,H at some points of B(xo,e)”_”. Suppose, for each xg # 0 and for
each 0 < e < ||lzo||, [| - [lx and || - [|2 attain their minimum over B(zo,€) . at the
same point. Then, || - |1 = K -|| - ||2 for some constant K.

Proof. Let S = {x € X : for somef € X* the hyperplane x+Kerf is norming at x
w.r.t. both ||+ |1, and ||-|]2}. We will show that S is dense. For any nonzero vector
xo and any 0 < € < ||zo|| let vy, be the point in B(zg,€) at which both || - |1
and || - ||z attain their minimum over B(zg,€). The set of all such vy, . is dense.
We will show that vy, . € S for each zo and € with 0 < € < [|zo|. Let f € X*
be such that || Re f|| = [|vag,ell1, | Re f(2)] < ||vgg,ellr for all € B(vgg,e [|Vag,ell1)
and |Re f(x)| > ||vgg,ell1 for all z € B(xp,€). Then, vy, + Kerf is a norming
hyperplane at vg, . w.r.t || - 1. If this hyperplane is not norming at vg, . with
respect to || - |2, then ||vgy.e + All2 < ||vgg,ell2 for some h € Kerf. So, for some
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t>1, |[t(vgg,e + R)|l2 = ||Vzg,ell2. The line segment joining ¢(vg,,. + h) and vy, .
is contained in the closed ball of radius ||vg, 2 centered at the origin. Let us
observe that for some A > 0 small enough, the vector A - (tvy, +h) + (1 —A) vy, €
B(zo,€)).)- (Suppose not. Then the closed line segment joining vy, ,c and t(vz,,c+h)
is disjoint from the || - [|-open set B(xo,€)).). So, there is a || - [[-closed hyperplane
containing this line segment and disjoint from B(zg, €). Clearly, this hyperplane is
different from v,, + Ker f. But there is a unique supporting hyperplane at vy ..
This contradiction implies the assertion.) That is, B(0, [|v,.c|l)).|, intersects with
B(zo,€)).). This contradicts the hypothesis that [ - [|2 attains its minimum over
B(zg, €) at vy e.

Next, let = be any nonzero vector in X, and let § > 0 be arbitrary. Let ¢ > 0
be such that 1—jsr§ > 1. It is easy to check that if some y € B(z,¢) admits a
norming hyperplane, then that norming hyperplane is (1 + §)-norming at . Thus,
each nonzero vector in X admits a (1 + 6)-norming hyperplane for each 6 > 0.

Note that if  + H is (1 + §)-norming at x, then for any closed subspace N with
HNN # {0}, z+ (HNN) is also (1 4 6)-norming at x in the span of {z, H N N}.

If the conclusion of the theorem is not true, then there exist x and y in X such
that ||z|s = K - ||z|l2 and |yl = K(1 + €) - ||y|]]2 Consider the two-dimensional
space N spanned by {z,y}.

If the conclusion of the theorem is not true, then there exist r; > 0 for i = 1,2
such that B(0, 7‘1)”.”1 NN ¢ B(0, 7”2)”.”2 NN and B(0, 7‘2)”.”2 NN ¢ B(0, 7”1)”.”1 NN.
It can be seen that there exists some z € 9(B(0,71) N N) N J(B(0,r2) N N) which
does not admit a hyperplane in the two-dimensional space, which is (14 ¢)-norming
w.r.t. both norms || - [|; and || - ||2. O
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